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Abstract 

Given a graph G, a subset M of V(G) is a module of G if for each 
v e V(G) \ M, v is adjacent to all the elements of M or to none of them. 
For instance, V(G), and {v} (v s V(G)) are modules of G called trivial. 
Given a graph G, ujm(G) (respectively lva/ (G)) denotes the largest integer 
m such that there is a module M of G which is a clique (respectively a 
stable) set in G with \M\ = m. A graph G is prime if |V(G)| > 4 and if all 
its modules are trivial. The prime bound of G is the smallest integer p(G) 
such that there is a prime graph H with V(H) 2 V(G), H[V(G)] = G 
and \V(H) \ V(G)\ = p(G). We establish the following. For every graph 
G such that max(aAf(G), ujm (G)) > 2 and log 2 (max(ofA/(G),a;A/(G))) 
is not an integer, p(G) = [log 2 (max(QAf(G),a;Af (G)))]. Then, we prove 
that for every graph G such that max(cYM (G),cjm(G)) = 2 k where k > 1, 
p(G) = k or k + 1. Moreover p(G) = k + 1 if and only if G or its complement 
admits 2 fc isolated vertices. Lastly, we show that p(G) = 1 for every non 
prime graph G such that |V(G)| > 4 and om(G) = uum(G) = 1. 
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1 Introduction 

A graph G = (V(G),E(G)) is constituted by a vertex set V(G) and an edge 
set E(G) c ( y( 2 G) ). Given a set S, K s = (S,( S 2 )) is the complete graph on S 
whereas (5,0) is the empty graph. Let G be a graph. With each W £ V(G) 
associate the subgraph G[W] = (W, (^) n E(G)) of G induced by Given 
W E 7(G), G[V(G) \ W] is also denoted by G-W and by G-io if W = {w}. A 
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graph H is an extension of G if V(H) 2 V(G) and H[V(G)] = G. Given p > 0, 
a p-extension of G is an extension H of G such that \ V^(G)| = p. The 

complement ofG is the graph G= (V(G)> ( y( 2 G) ) \ £(G)). A subset W of V(G) 
is a cZzgwe (respectively a siafc/e set) in G if G[W^] is complete (respectively 
empty). The largest cardinality of a clique (respectively a stable set) in G is 
the clique number (respectively the stability number) of G, denoted by lo(G) 
(respectively a(G)). Given v e V(G), the neighbourhood Nq(v) of w in G is the 
family {iu e V(G) : {v,u>} e _E(G)}. We consider iVc as the function from V(G) 
to 2 y (°) defined by v Ng(v) for each u € V(G). A vertex i> of G is isolated if 
Ng(v) = 0. The number of isolated vertices of G is denoted by t(G). 
We use the following notation. Let G be a graph. For v + w e V(G), 



Given W £ ^(G), v e V(G) \ W and i e {0,1}, (v,VF) G = i means (v,w)g = i 
for every w e W. Given VF,T4" £ V(G), with W n VF = 0, and i e {0,1}, 
(W,VF')g = « means (w,iy)c = i for every w e Given W £ V(G) and 
w e V(G) \ W, v < — >a W means that there is i € {0, 1} such that (v, W)g = i- 
The negation is denoted by v «-/-> g W. 

Given a graph G, a subset M of V^(G) is a module of G if for each t> e 
V(G) \ M, we have w < — >g M. For instance, V{G), and {«} (y e V^(G)) are 
modules of G called trivial. Clearly, if |T^(G)| < 2, then all the modules of G are 
trivial. On the other hand, if |V(G)| = 3, then G admits a nontrivial module. A 
graph G is then said to be prime if |y(G)| > 4 and if all its modules are trivial. 
For instance, given n > 4, the path ({1, . . . , n}, {{p, q} ■ \p - q\ = 1}) is prime. 
Given a graph G, G and G share the same modules. Thus G is prime if and 
only if G is. 

Given a set S with \S\ > 2, ATs admits a prime [log 2 ( |<S"| + l)]-extension (see 
Sumner (8j Theorem 2.45] or Lemma [3] below). This is extended to any graph 
in [31 Theorem 3.7] and [H Theorem 3.2] as follows. 

Theorem 1. A graph G, with \V(G)\ > 2, admits a prime [log 2 (|F(G)| + 1)]- 
extension. 

Following Theorem [I] we introduce the notion of prime bound. Let G be a 
graph. The prime bound of G is the smallest integer p(G) such that G admits 
a prime p(G)-extension. Observe that p(G) = p(G) for every graph G. By 
TheoremHJ p(G) < [log 2 (|y(G)| + 1)]. By considering the clique number and 
the stability number, Brignall [H Conjecture 3.8] conjectured the following. 

Conjecture 1. For a graph G with \V(G) \ > 2, 



We answer the conjecture positively by refining the notions of clique number 
and of stability number as follows. Given a graph G, the modular clique number 




p(G)<[log 2 (max(a(G),^(G)) + l)]. 
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of G is the largest integer ujm(G) such that there is a module M of G which 
is a clique in G with \M\ = ujm(G). The modular stability number of G is 
c^m(G) = lum(G). The following lower bound is simply obtained. 

Lemma 1. For every graph G such that max(aM(G),WA/(G)) > 2, 

p(G) > [log 2 (max(a M (G), WA/ (G)))l. 

Theorem 3.2 of [3] is proved by induction on the number of vertices. Using 
the main arguments of this proof, we improve Theorem Q] as follows. 

Theorem 2. For every graph G such that max(a!M (G),^m(G)) ^ 2. 

p(G) < [log 2 (max(a M (GW(G)) + 1)]. 

The proof of Theorem [2] derives from an induction as well. A direct con- 
struction of a suitable extension is provided in p] Theorem 2] . The following is 
an immediate consequence of Lemma [T] and Theorem [21 

Corollary 1. For every graph G such that max(a m (G) , uj m (G)) > 2, 

[log 2 (max(a M (G),w M (G)))l < p(G) < [log 2 (max(a M (G), lu m (G)) + 1)]. 

Let G be graph such that max(aj\/(G), ujm(G)) > 2. On the one hand, it 
follows from Corollary [T] that 

max(aM(GW(G)) t {2 fc : k > 1} => p(G) = \log 2 (max(a m (G) ) ujm(G)))]. 

On the other, if max(aA/(G), 0Jm(G)) = 2 k , where k > 1, then p(G) = k or k+1. 
The next allows us to determine this. 

Theorem 3. For every graph G such that max(aiM(G), wm(G)) = 2 fe where 
k > 1, _ 

p(G) = k + l if and only if t(G) = 2 k or l(G) = 2 k . 

Lastly, we show that p(G) = 1 for every non prime graph G such that 
\V(G)\ > 4 and a M (G) = uj m (G) = 1 (see Proposition \8§ . 

2 Preliminaries 

Given a graph G, the family of the modules of G is denoted by Ai(G). Fur- 
thermore set 

M> 2 (G) = {M e M(G) : \M\ > 2}. 

We begin with the well known properties of the modules of a graph (for example, 
see [5l Theorem 3.2, Lemma 3.9]). 

Proposition 1. Let G be a graph. 

1. Given W^V(G), {M n W : M e M(G)} £ M(G[W]). 
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2. Given a module M e M(G), M(G[M]) = {N € M{G) : N £ M}. 



3. Given M,N e M(G) with M n N = 0, there is i e {0,1} such that 
(M,N) G = i. 

Given a graph G, a partition P of V(G) is a modular partition of G if 
P £ M(G). Let P be such a partition. Given M + N e P, there is i e {0, 1} such 
that (M, N)a = i by Proposition[T]3. This justifies the following definition. The 
quotient of G by P is the graph G/P defined on V(G/P) = P by (M,N) G/P = 
(M,N)c for M + N e P. We use the following properties of the quotient (for 
example, see [5J Theorems 4.1-4.3, Lemma 4.1]). 

Proposition 2. Given a graph G, consider a modular partition P of G. 

1. Given W £ V{G), if\WnX\ = l for each X e P, then G[W] and G/P are 
isomorphic. 

2. For every M e M{G) , {X e P : M nX * 0} e M(G/P). 

3. For every Q e M{G/P), UQe M(G). 

The following strengthening of the notion of module is introduced to present 
the modular decomposition theorem (see Theorem U below) . Given a graph G, 
a module M of G is said to be strong provided that for every N e M(G), we 
have: if M n N + 0, then M £ N or N £ M. The family of the strong modules 
of G is denoted by S(G). Furthermore set 

S> 2 (G) = {MeS(G):\M\>2}. 

We recall the following well known properties of the strong modules of a graph 
(for example, see [SJ Theorem 3.3]). 

Proposition 3. Let G be a graph. For every M e M(G), S(G[M]) = {N e 
S(G) : N £ M}u{M}. 

With each graph G, we associate the family n(G) of the maximal proper 
and nonempty strong modules of G under inclusion. For convenience set 

IIi(G) = {M e n(G) : \M\ = 1} and U> 2 (G) = {M e U(G) : \M\ > 2}. 

The modular decomposition theorem is stated as follows. 

Theorem 4 (Gallai [3 [7]). For a graph G with \V(G)\ > 2, the family U(G) 
realizes a modular partition ofG. Moreover, the corresponding quotient G /11(G) 
is complete, empty or prime. 

Let G be a graph with |y(G)| > 2. As a direct consequence of the definition 
of a strong module, we obtain that the family S(G) \ {0} endowed with inclusion 
is a tree called the modular decomposition tree [1] of G. Given M € iS>2(G), it 
follows from Proposition [3] that LT(G[A/]) £ S(G). Furthermore, given W £ 
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V(G), the family {M e S(G) : M 2 W} endowed with inclusion is a total order. 
Its smallest element is denoted by W. 

Let G be a graph with \V(G)\ > 2. Using Theorem H we label «S> 2 (G) by 
the function A G defined as follows. For each M e S>2(G), 



A G (M) 



■ if G[M]/U(G[M]) is complete, 
□ if G[M]/IL(G[M]) is empty, 
u if G[M]/U(G[M]) is prime. 



3 Some prime extensions 

Lemma 2. Let S and 5" be disjoint sets such that \S\ > 2 and \S'\ = [log 2 (|<S| + 
1)]. There exists a prime graph G defined on V(G) = SuS' such that S and S' 
are stable sets in G. 

Proof. If |5| = 2, then \S'\ = 2 and we can choose a path on 4 vertices for 
G. Assume that \S\ > 3. As \S'\ = [log 2 (|5| + 1)1, 2I 5 ''- 1 < \S\ and hence \S'\ < 
\S\. Thus there exists a bijection ips' from S' onto S" £ S. Consider the 
injection f s >> : S" 2 s ' \ {0} defined by s" h- S' \ Since 
|S"| = [log 2 (|5| + 1)], |5| < 2' s ' and there exists an injection f$ from S into 
2 s v {0} such that (fs)is" = fs"- Lastly, consider the graph G defined on 
V(G) = SuS' such that S and S' are stable sets in G and (iV G ) rs = fs. We 
prove that G is prime. If |5| = 3, then \S'\ = 2 and G is a path on 5 vertices 
which is prime. Assume that \S\ > 4 and hence \S'\ > 3. Let M e AA> 2 (G). 

First, if M E S, then we would have fs(u) = fs(v) for any u + v e M. Thus 
MnS'*0. 

Second, suppose that M £ >S". Recall that for each s e S, either MnNa(s) = 
or M c N G (s). Given u e M, consider the function / : S — ► 2(( s ' vM ) u { u » s 
{0} defined by 




A G (s) if MnN G (s) = 0, 
(N G (s) v M) u {w} if M c A G (s), 



for every s € S. Since (Nc)\s is injective, / is also and we would obtain that 
\S\ < 21 s '!- 1 . It follows that In S * 0. 

Third, suppose that S' \ M * 0. We have (5 n M, S" \ M) G = (5' n M, S' \ 
M) G = 0. Given s' e S' n M, N G (^ s >(s')) = S' \ {s'j. In particular S" \ M c 
N G (ips>(s')) and hence Vs'( s ') 6 S \M. Furthermore (^ s >(s'):S' n M) G = 
(ip S r(s'),S n M) G = 0. Therefore S" n M = {s'}. Similarly, we prove that 
\S' \ M\ = 1 which would imply that \S'\ = 2. It follows that S" c M . 

Lastly, suppose that 5 \ M + 0. For each s e S \ M + 0, we would have 
(s,S') G = (s,S n A/) G = and hence N G (s) = 0. It follows that S Q M and 
M=SuS'. O 
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Lemma 3. Let C and S' be disjoint sets such that \C\ > 2 and \S'\ = [log 2 (|C| + 
1)]. There exists a prime graph G defined on V(G) = C u 5" such that C is a 
clique and S' is a stable set in G. 

Proof . There exists a bijection ips' from S' onto S" £ C. Consider the injection 
f s „ : S" — ► 2 s ' \ {S'} defined by s" h. {(V>S') _1 ( s ")}- Let f s be any injection 
from S into 2 s \ {S'} such that (fs)tS" = fs"- Lastly, consider the graph G 
defined on V(G) = CuS' such that C is a clique in G, S' is a stable set in G and 
Ng(c) n S' = fs(c) for each c e C. We prove that G is prime. Let M e M>2{G). 
As in the proof of Lemma HJ we have M n C + and M n 5' + 0. 

Now, suppose that S' \ M * 0. Wc have (C n M, S" \ M) G = (S' n M, 5' s 
M) G = 0. Given*' e S"\M, N G (i/j S '(t'))n S' = {t'}. Thus ^S'(^) e C* \ M. But 
Os'(O>S' n A0G = (?/'s'(i') J C nM )G = 1 which contradicts N G (^ s ,(t'))n S' = 
{t'}. It follows that S' S M. 

Lastly, suppose that C \ M + 0. For each c € C \ M + 0, we would have 
(c, S") G = (c, C n M)g = 1 and hence N G (c) nS' = S'. It follows that S £ M and 
M = SuS'. O 

The question of prime extensions of a prime graph is not detailed enough in 
[3]. For instance, the number of prime 1-extensions of a prime graph given in 
[3] is not correct. Moreover, Corollary [5] below is used without a precise proof. 

Lemma 4. Let G be a prime graph G. Given a V(G), there exist 

2 \ V (G)\ _ 2\V(G)\ - 2 

distinct prime extensions of G to V(G) u {a}. 

Proof. Consider any graph H defined on V(H) = V(G)<j{a} such that H[V(G)] = 
G. We prove that H is not prime if and only if 

N H (a) e {0, V(G)} u {N G (v) : v e V(G)} u {N G (v) u {v} : u e V(G)}. 

To begin, assume that A^ ff (a) e {0,V(G)}u{N G (v) : v e V(G)}u{N G (v)u{v} : 
v e V(G)}. If N H (a) = or V(£?), then V(G) is a nontrivial module of H. If 
there is v e V(G) such that Njj(a) \ {«} = N G (v), then {o,w} is a nontrivial 
module of i/. 

Conversely, assume that -ff admits a nontrivial module M. By Proposi- 
tionEJl, M s {a} e A4(G). As G is prime and as M \ {a} # and M % V(H), 
either |M \ {a}\ = 1 or M = F(G). In the second instance, N H (a) = or V(G). 
In the first, there is v € 1^(G) such that M = {a : v}. Thus Nh(o) = N G (v) or 
Af G (w)u{v}. 

To conclude, observe that 

|{0, V(G)} u {iV G (w) : u e V(G)} u {7V G ( W ) u {v} : « e F(G)}| = 2 + 2|F(G)| 
because G is prime. O 
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Corollary 2. Let G be a prime graph G. For any a + b £ V(G), there exists a 
prime extension H of G to V(G) u {a,b} such that (a,b)n = 0. 

Proof. Since \V(G)\ > 4, - 2|V(G)| - 2 > 2. Consequently there is an 

extension H of G to V(G) u {a, 6} such that (a, &)# = 0, N H (a) * N H (b) and 

N H (a),N H (b) i {0, 1/(G)} u {iV G (v) : v e V(G)} u {N G (v) u {v} : v e V(G)}. 

By the proof of Lemma SI H - a and H -b are prime. We show that H is prime 
also. Let M e M> 2 (H). By Proposition [TJl, M \ {a} e - a). As # - a is 

prime and M \ {a} * 0, either \M \ {a}| = 1 or M \ {a} = \ {a}. In the 

first, there is v £ y(G)u{6} such that M = {a,u}. If u = 6, then7V H (a) = N H (b). 
If u e T^(G), then {a,u} would be a nontrivial module of H - b. Consequently 
M \ {a} = V(H) \ {a}. Since H - b is prime, a *^>h V(G) and hence a e M. 
Thus M = V(H). ' O 



4 Proof of Theorem [2] 

Let G be a graph with |V(G)| > 2. By [3j Theorem 3.2], there exists a prime 
extension H oi G such that 

'2<|^(JJ)sy(G)|<[log 2 (mG)l + l)l 
- and 

V(H) \ F(G) is a stable set in iJ. 

We can consider the smallest integer q(G) such that q(G) > 2 and G admits a 
prime q(G) -extension iJ such that V(H) \ 1^(G) is a stable set in iJ. 

The results below, from Proposition @] to Corollary 01 are suggested by the 
proof of [21 Theorem 3.2]. 

We introduce a basic construction. Consider a graph G and a modular 
partition P of G such that P c 5(G) and P n «S> 2 (G) * 0. LetlePn <S> 2 (G) 
such that 

<z(G[X]) = max({g(G[F]) : Y e Pn <S> 2 (G)}). 

Consider a set S such that SnV^G) = and |5| = q(G[X]). There exists a prime 
g(G[A])-extension Hx of G[X] to XuS such that 5 is a stable set in i?^. Since 
X is not a module of Hx, there is sx e <5 such that sx +-f*G X. Furthermore, if 
there is v e S such that (v,X)h x = 0, then V(Hx) n {«} would be a nontrivial 
module of H X - Thus {«fS:o < — > Hx X} = {v e 5 : = 1}. As 5 is a 

stable set in Hx, {v e S : (u,X)ij x = 1} is a module of G. It follows that 

'{veS:v^ Hx X} = {veS:(v,X) Hx = l} 
and 

• |{«eS: V ^tf x A}|<1 
and 

s x e S \ {v e S :v ^ Hx X}. 
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Now, for each Y e (Pn 5> 2 (G)) \ {X}, there is a prime <7(G[Y] )-extension Hy 
of G[Y] toFu5y such that {v e S : v <-^h x A} £ Sy £ S and Sy is a stable 
set in Hy. Consider the extension H of G to V(G) u S satisfying 

• for each y e P n «S> 2 (G), iT[Y u Sy] = Hy, 

• for each v e V(G) such that {v} e P, (v, S \ {s x })h = and (v, sx)h = 1- 

Proposition 4. Given a graph G, consider a modular partition P of G such 
that P £ 5(G) and Pn 5> 2 (G) * 0. If the corresponding extension H is not 
prime, then all the nontrivial modules of G are included in {v e V(G) : {v} e P}. 

Proof. Let M be a nontrivial module of 77. By Proposition [TJl, M n (X u S) e 
M(H[XuS]). Since H[XuS] is prime, we have M3luS, |Afn(Xu5)| = l 
or Mn (IuS) = 0. 

For a first contradiction, suppose that M 3 X u 5. Let «e7 such that {u } € 
P. As u <^j-*H S,veM. Thus {w e F(G) : {v} e P} c M. Let Y e P n 5> 2 (G). 
By Proposition [TJl, Mn (Yu 5y) 6 M(H[YuSy]). Since i?[Y u S* y ] is prime 
and since Sy £ M n (Y u Sy), Y £ M. Therefore (J(P n 5> 2 (G)) E M and we 
would have M= V(H). 

For a second contradiction, suppose that \Mn(XuS)\ = 1. Consider w e 5uX 
such that M n (X u S) = {v}. Suppose that v e X. We have M S F(G) and 
M e M(G) by Proposition [TJl. As X e 5(G) and u e X n M, X £ M or M £ X. 
In both cases, we would have |M n (A u 5)| > 2. Suppose that v e S. There is 
Y e P \ {X} such that Y n M + 0. Let y e Y n A/. Since y < — A, w X 
and hence v * sx- If Y e P n <S> 2 (G), then v e Sy and M n (Y u SV) would 
be a nontrivial module of H[Y u 5y]. If Y = {y}, then (v,sx)h = 1- Thus 
(u, )jj = 1 and 5 would not be a stable set in H. 

It follows that M n (X u S) = 0. By Proposition [TJl, M e M(G). Let Y e 
(Pn5> 2 (G)) s {A}. Suppose for a contradiction that YnM * 0. As Y 6 5(G), 
YE M or ME Y. In both cases, Mn (Yu 5y) would be a nontrivial module of 
H[Y u Sy]. It follows that YnM = 0. Therefore M £ {w e Y(G) : {v} e P}. O 

Corollary 3. Given a graph G such that G/II(G) is prime, we have 



Proof. If G is prime, then q(G) < 2 by Corollary [5J and hence q(G) = 2. 
Assume that G is not prime, that is, LT> 2 (G) + 0. Let H be the extension of 
G associated with LT(G). Suppose that H admits a nontrivial module M. By 
Proposition [U {{u} : u £ M} E IIi(G). Thus M e A4(G) by Proposition [TJl. By 
Proposition [2] 2, {{it} : u € M} would be a nontrivial module of G/n(G). O 

Proposition 5. Given a graph G such that G/H(G) is complete or empty, we 
have 




max({g(G[A]) : A e II> 2 (G)}) if n> 2 (G) * 0. 



fg(G)<max(2,[log 2 (|n 1 (G)| + l)]) 



or 



q{G) < max({q(G[X]) : X e n> 2 (G)}). 
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Proof . Assume that G/U(G) is empty. If 11(G) = Ui(G), then G is empty by 
Proposition [2] 1, and it suffices to apply Lemma [2j Assume that II> 2 (G) + 
and set 

W 2 = \JU > _ 2 (G). 

Let H be the extension of G associated with 11(G). Recall that V(H) = V(G) u 
S, V(G) n S = and \S\ = q(G[X]) where X e LI> 2 (G) such that q(G[X]) = 
max({g(G[Y]) : Y e n> 2 (G)}). Moreover H[X u 5] is prime. 

If |IIi(G)| < 1, then H is prime by Proposition|4]so that q{G) < max({g(G[Y]) : 
Y e n> 2 (G)j). Assume that |IIi(G)| > 2 and set 

Wi = V(G) \ W 2 . 

By Lemma [3 there exists a prime extension Hi of G[Wi] to Wi u Si such that 
| Si | = [log 2 (|Wi| + 1)1 and Si is stable in H x . As G/n(G) is empty, IL> 2 (G) 6 
M(G/IL(G)). By Proposition H3, W 2 e M(G). Thus n> 2 (G) £ S(G[W 2 ]) 
by Proposition [3] It follows from Proposition [4] that H[W 2 u S] is prime. We 
construct suitable extensions of G according to whether |Si| < |S| or not. 
To begin, assume that |Si| < |S|. We can assume that 

{v e S : v <-^h[xuS] X} g Si g 5 

and we consider an extension H' of i?i and H[W 2 u S] to V(G) u S. We show 
that i?' is prime. Let M e M> 2 (H'). By Proposition [TJ 1 , M n (W 2 u S) e 
^(^[VFauS]). Since i?[VF 2 uS] is prime, Mn(W 2 uS)=0, \Mn(W 2 uS)\ = l 
or A/3 (VK 2 uS). 

• Suppose for a contradiction that M n (W 2 u S) = 0. By Proposition [T]l, 
Af would be a nontrivial module of Hi . 

• Suppose for a contradiction that |Mn(W2US)| = 1 and consider w € W 2 uS 
such that M n (W 2 u S) = {w}. First, suppose that u> € W 2 and consider 
Y e n> 2 (G) such that w e Y. By Proposition [Jl, M e M(G). As 
y e S(G) and w 6 AnAf, A £ M or M E X. In both cases, we would have 
|Af n (W 2 u S)| > 2. Second, suppose that w e S and consider w e W^i n M. 
Since v < — >g A, w < — ^[w^uS] A and hence w & Si. It follows from 
Proposition [TJl that M would be a nontrivial module of Hi, 

Consequently M 2 (W 2 u S). By Proposition [TJl, M n (Wi u Si) e 

As ifi is prime and M n (Wi u Si) 2 Si, M n (Wi u S x ) = (Wi u Si) so that 

M = V(H'). 

Now, assume that |Si| > |S|. We can assume that S £ Si and we consider 
the unique extension iJ" of Hi and H[W 2 u S] to V(G) u Si such that 

(W 2 ,SivS)h« = 0. (1) 

We show that if" is prime. Let M e M> 2 (H"). We obtain M n (Wi u Si) = 0, 
|M n (Wi u Si)| = 1 or M 2 (Wi u Si). If M n (Wi u S x ) = 0, then M would be 
a nontrivial module of H[W 2 u S]. 
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Suppose for a contradiction that |Mn(WiuS)i| = 1 and consider w e W\iiS\ 
such that Mn(Wi uSi) = {to}. There is v e W 2 nM. Let Y e II> 2 (G) such that 
veY. 

• Suppose that to £ W X - By Proposition [Hi, M e M(G). Since Y e «S(G) 
and since YnM # and to e M\F, Y £ M . It follows from Proposition!]] 1 
that M n (W 2 u 5) would be a nontrivial module of H[W 2 u 5]. 

• Suppose that to e Si. By Proposition [TJl, M n (W 2 u S) e M(H[W 2 u 
5]). As i/"[W 2 u S] is prime and as w e M n W 2 and M n S E {to}, 
M n (W2 u S) = {v} and hence to e Si s S. For every u e W2 s {v}, we 
have (u,v)c = (u,w)h" = by ([1]). Since (v,Wi)g = 0, we would have 
N G (v) = and hence {v} e IIi(G). 

It follows that M 3 (WiuSi). By PropositionHJl, Mn(W 2 uS) e 7W(i7[VF 2 uS]). 
As [VF 2 u S] is prime and M n (W 2 u S) 3 S, M n (VF 2 u S) = (VF 2 u S) so that 

m = v(ir"). 

Finally, observe that when G/Tl(G) is complete, we can proceed as previously 
by replacing © by (W 2 , Si \ S) H " = 1- O 

The next result follows from Corollary [3] and Proposition [S] by climbing the 
modular decomposition tree from bottom to top. 

Corollary 4. Given a graph G, if there is X e S> 2 (G) such that \c(X) € {□, ■} 
and |ni(G[A])| > 2, then 

q(G) < max({[log 2 (|n 1 (G[r])| + 1)] : Y e S> 2 (G), A G (F) e {□,■}}). 

Given Corollary 21 Theorem [5] follows from the next transcription in terms 
of the modular decomposition tree. Let G be a graph. Denote by M(G) the 
family of the maximal elements of M.> 2 (G) under inclusion which are cliques or 
stable sets in G. 

Proposition 6. Given a graph G such that max(aM(G), ujm(G)) > 2, 



MeM(G) 



M e M> 2 (G) 
and 

\ G (M) €{□,■} 
and 

M = {veM: {v} e U(G[M])}. 



Proof . To begin, consider M e M(G) and assume that M is a stable set in G. 
By Proposition [Hi, M e M(G[M]). Set 

g = {Ie n x (G[M]) : X n M ± 0}. 

By dehnition of M, \Q\ > 2 and hence M =\JQ because Q S S(G[M]). Further- 
more, Q £ S(G[M]) by Proposition [3] As all the strong modules of an empty 
graph are trivial, we obtain \X\ = 1 for each X € Q, that is, 

ME { v e M : {«} e n(G[M])}. 
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By Proposition [2J2, Q e M(G[M]/Tl(G[M])). For a contradiction, suppose 
that Ag(M) = u. Since Q e 7W> 2 (G[M]/n(G[A/])), Q = U(G[M]) and hence 
M = M. As |X| = 1 for each X e Q, G[M]/U(G[M]) and G[M] are isomorphic 
by Proposition^ 1. It would follow that G[M] is prime. Consequently A G (M) e 
{□,■}. Given v * w e M, we have ({v}, {w}) G [M]/n(G[37]) = ("i^Og = 0. Thus 

A G (M) = □. 

Since \ G (M) = □ , ni(G[M]) e M(G[M]/n(G[M])). By Proposition H3, 
UIIi(G[M]) e A4(G[M]) and hence Un x (G[M]) e A4(G) by Proposition [U 2. 
Given u * u; e uni(G[M]), we have (u,w) G = ({v} , { w }) G [M]/n(G[M]) = °- 
Therefore U Hi (G[M]) is a stable set of G. As M £ uni(G[M]), M = 
ljni(G[Af]) by maximality of M. It follows that 

M = {v e M : {v} e n(G[M])}. 

Conversely, consider M e A / (>2(G) such that A G (M) = □ and M = {v e 
M : {v} e n(G[M])}. As A G (M)_= □, Ui(G\M]) e M(G[M]/n(G[M])). 
By Proposition [13, M = UIIi(G[Af]) e M(G[M]) and hence M e M(G) by 
Proposition[Tj2. Since (v,w) G = ({v}, {w}G[1\{]/n(G[M]) = for w + w e AI, M is 
a stable set in G. There is A e M(G) such that A 2 M. As M is a stable set 
in G, A is as well. By what precedes, N_= {v e Aj {«} e n(G[A])}. We have 
M £ N because M £ AT. Furthermore M e S(G[N]) by Proposition H Given 
v e M, we obtain {v} £ M £ N. Since {«} e n(G[A]), M = A. Therefore M = N 
because M = {v e M : {v} e n(G[M])} and A = {v e N : {v} e n(G[A])}. O 

Let G be a graph such that max(aA/(G),a;A/(G)) > 2. Consider M € M(G). 
By Proposition H A G (M) e {□,■} and |IIi(G[A7])| = \M\ > 2. By CorollaryH 

p(G) < q(G) < max({riog 2 (|ni(G[y])| + 1)1 : Y e <S> 2 (G), A G (F) e {□,■}}). 

We have also 

max({[log 2 (|n 1 (G[r])| + 1)] : Y € 5> 2 (G), A G (F) e {□,■}}) 

II (by Proposition [6]) 

max({[log 2 (|M| + 1)] : M e M(G)}) 
ii 

[log 2 (max(a M (G),w M (G)) + 1)]. 

Consequently 

p(G) < \\og 2 (max(a M (G),ujM(G)) + 1)]. (Theorem© 
To obtain Corollary [TJ we prove Lemma [U 

Proof of Lemma\j] Let G be a graph such that max(ai,/(G),WM(G)) > 2. There 
exists S € A4(G) such that |<!5| = m&x(a m(G) 7 ujm(G)) and S is a clique or a 
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stable set in G. Given an integer p < log 2 (max(aM(G), ujm(G))), consider any 
p-extension H of G. We must prove that H is not prime. We have 2 ][V ^ H ' >xV ^ G ^ < 
\S\ so that the function S — ► 2 V( ~ H ^ V( ~ G \ defined by s ^ N H (s) n (V(H) \ 
V(G)), is not injective. There are s + t e S such that v < — for every 
v e \ V(G). As 5 is a module of G, we have v < — I'M} f° r every 

u € V(G) \ S. Since 5 is a stable set in G, {s,t} is a nontrival module of H. O 

When a graph or its complement admits isolated vertices, we obtain the 
following. 

Lemma 5. Given a graph G, if l(G) + or i(G) + 0, then 

p(G)>[log 2 (max( t (G), t (G)) + l)l. 

Proof. By interchanging G and G, assume that i(G) > t(G). Given p < 
[log 2 (t(G) + l)], consider any p-extension H of G. We have ^ V( - H ^ v ^ < t(G) 
and we verify that H is not prime. 

For each v e V(G) such that N G (v) = 0, we have N H (v) £ V{H) \ V(G). 
Thus (NH)t{ v <=v(G):N G (v)=0} is a function from {v e V(G) : N G (v) = 0} to 
2V(H)\V(G) b se rved j n the proof of Lemma[2j if (A# ) t{ v ^v(G)-.N G (v )=e>} is 
not injective, then {u,v} is a nontrivial module of H when u + v e {i> e V(G) : 
A G (v) = 0} with N H (u) = N H (v). So assume that (N H ) \{veV(G):N a (v)=0} 
is injective. As 2' y ( H ) NV ( G ) < t(G), we obtain that ( A#) f{t, e y(G):A f G (w)=0} ^ s 
bijective. Thus there is u e {v e V(G) : N G (v) = 0} such that N H (u) = 0, that 
is, u € {v e ^(G) : Njj(v) = 0}. Therefore _ff is not prime. O 

The next is a simple consequence of Proposition [6] which is useful in proving 
Theorem [3] 

Corollary 5. Given a graph G such that max(«Af(G),WAf(G)) > 2, the ele- 
ments o/M(G) are pairwise disjoint. 

Proof. Consider M, A e M max (G) such that M nN + <Z. Let v e M n A. Since 
M, A e 5(G) and v e M n N, M £ N ot N £ M. For instance, assume that 
M c A. By Proposition]! M e S(G[N] Furthermore {v} e n(G[A]) by 
Proposition El As {v} £ M £ A, we obtain M = A. Lastly, M = {w e M : {it;} e 
n(G[M])} and A = {w e A : {w} e n(G[A])} by PropositionEl Thus M = N. 

O 

5 Proof of Theorem [3] 

Given a graph G, denote by P(G) the family of M e M(G) such that G[M] is 
prime. For every M 6 P(G), M € <S(G) because G[M] is prime. It follows that 
the elements of P(G) are pairwise disjoint. Thus the elements of M(G) uP(G) 
are also by Corollary [5j Set 

/(G) = 7(G)v((UM(G))u((JP(G))). 

We prove Theorem [3] when max(ajif (G), w«(G)) = 2. 
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Proposition 7. For every graph G such that ma,x(a m(G),u>m(G)) = 2, 

p(G) = 2 if and only if l{G) = 2 or i(G) = 2. 

Proof. It follows from Lemma [T] and Theorem [2] that p(G) = lor2. To begin, 
assume that t(G) = 2 or l(G) = 2. By Lemma [SJ p(G) > 2 and hence p(G) = 2. 
Conversely, assume that p(G) = 2. Let a j. V(G). As max(ajif(G),wji/(G)) = 2, 
|JV| = 2 for each A e M(G). Let A e M(G). For N e P(G), we have G[A] is 
prime. By Lemma [H G[A] admits a prime extension Hn defined on N u {a}. 
We consider any 1-extension H of G to V(G) u {a} satisfying the following. 

1. For each A e M(G), a^ H N. 

2. For each AeP(G), H[Nu{a}] = H N . 

3. Let w e 1(G). There is i e {0,1} such that (v,No)g = i- We require that 
(v,a) H + i. 

To begin, we prove that <S> 2 (G) n M(H) = 0. Given M e 5> 2 (G), we have 
to verify that a u M. Let TV be a minimal element under inclusion of 
{N' e 5> 2 (G) : AT' c M}. By Proposition H II(G[A r ]) £ 5(G). By minimality 
of N, n(G[iV]) = ni(G[AT]) so that G[N] and G[N]/IL(G[N]) are isomorphic 
by Proposition [2Jl. We distinguish the following two cases. 

• Assume that X G (N) = u. We obtain that G[N] is prime, that is, N e P(G). 
As H[N u {a}] is prime, a *-f+H N. 

• Assume that X G (N) e {□,■}. By Proposition N e M(G). Thus \N\ = 2 
and a *-/->h N by definition of H . 

In both cases, a <-f+H N and hence a M. 

Now we prove that M> 2 (G)nM(H) = 0. Let M e A / f> 2 (G) : __Since «S> 2 (G)n 
= 0, assume that M \ 5> 2 (G). Set Q = {A e n(G[M]) : X n M * 
0}. By Proposition HJl, M £ A4(G[M]). By definition of M, |Q| > 2. Thus 
M = U<3 because n(G[M]) c S(G[M]). Furthermore Q * n(G[M]) because 
M i 5> 2 (G). By Proposition [H2, Q e M(G[M]/IL(G[^])) . As 2 < |Q| < 
|n(G[I7])|, X G (M) 6 {□,■}. If there is X e Q n n> 2 (G[M]), then a <+> H X 
by what precedes and hence a *-/-*h M. Assume that Q £ IIi (G[M]). We 
obtain that M is a clique or a stable set in G. Since max(aj\/(G), ujm(G)) = 2, 
M e M(G) and a ^ H M by definition of H. 

As p(G) = 2, H admits a nontrivial module Mb- We have a 6 Mh because 
M> 2 (G)nM(H) = 0. 

First, we show that N c M H for each A e P(G). By Proposition [TJl, 
Mji n (JV u {a}) e A4(if [A u {a}]). Since iJ[A u {a}] is prime and a e M H n 
(Au {a}), we obtain either (M H \ {a}) n A = or A E Mjj \ {a}. Suppose for a 
contradiction that (Mh v {a}) n A = 0. By Proposition [TJl, M ff \ {a} e A^G). 
There is i e {0,1} such that (Mh n {a}, A)g = i by Proposition [JJ3. Therefore 
(a, A)// = i which contradicts the fact that H[Nu {a}] is prime. It follows that 
A £ Mh- Thus 

UP(G)EM H . (2) 
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Second, we show that A n Mh + for each A e M(G). Otherwise consider 
A € M(G) such that NnM H = 0. There is i e {0,1} such that (M H \{a},N) G = 
i. Thus (a,N)n = i which contradicts a <-f+H A. Therefore 

A n M H * for each NeM(G). (3) 

Third, let v e 1(G). By Q, A n M ff * 0. Since (u, Ao n M h )g * (v,a) H , 
v € Mh- Hence 

1(G) E M ff . (4) 

By © and ©, 

V(G) \ M H £ M(G). (5) 

To conclude, consider u e V(H) \ M H . By ©, there is A l; € M(G) such 
that v e N v . By interchanging G and G, assume that N v is a stable set in 
G. Since u < — >h Mh and (v,N v n Mh)g = 0, we obtain (v,Mh)h = 0. Let 
N e M(G) \ {7V„}. By Corollary EJ N n N v = 0. As AT n M H * by ©, we 
have (w,iV n M ff ) G = and hence (v,N) G = 0. It follows that N G (v) = 0. 
Therefore (N V ,V(G) \ 7V t) ) G = because iV„ e 7W(G). Since N v is a stable 
set in G, we obtain N v £ { u 6 i/(G) : 7V G (u) = 0}. Clearly {u e V(G) : 
N G (u) = 0} e M(G) and {u e V(G) : N G (u) = 0} is a stable set in G. Thus 
l(G) < max(a m (G) , uj m (G)) = 2. Consequently iV„ = {ite V(G) : N G (u) = 0}. 

O 

Proof of Theorem^ Consider a graph G such that max(aAf (G),uim(G)) = 2 fe 
where k > 1. It follows from Lemma Q] and Theorem [2] that p(G) = fcorfc + l. 
To begin, assume that t(G) = 2 k or l(G) = 2 k . By Lemma [5j p(G) > k + 1 and 
hence p(G) = k + 1. 

Conversely, assume that p(G) = fc + 1. If fc = 1, then it suffices to apply 
Proposition [7] Assume that fc > 2. For convenience set 

M max (G) = {N e M(G) : |A| = max( a a/ ( G) , ujm ( G) ) } . 

With each A e M max (G) associate wat e A. Set W = {w N : A e M max (G)}. 

We prove that max(a A/ (G - W),lo m (G - W)) = 2 fc - 1. Let A e M max (G). 
By Corollary [5J the elements of M max (G) are pairwise disjoint. Thus A \ W = 
N \ {wn}- Clearly A \ {wn} is a clique or a stable set in G -W. Furthermore 
N\{w N } e M(G-W). Therefore 2 fc -l = |A\{wjv}| < \n&yL(a M (G-W),uj M (G- 
W)). Now consider A' e M max (G - W). We show that A' e M(G). We have 
to verify that for each A e M max (G), w N < — > G A'. Let A e M max (G). First, 
asume that there is v e (A \ {wn}) \ A'. We have v < — > G A'. As A is a clique 
or a stable set in G, {v,wn} e M(G[N]). By Proposition Q] 2, {v,w N } e M(G). 
Thus Wat < — > G A'. Second, assume that A \ {wn} £ A'. Clearly wn < — *g A' 
when N\{wn} = A'. Assume that A'\(A\{wat}) # 0. By interchanging G and 
G, assume that A' is a clique in G- IF. As A\ {wat} c N' and |A \ {wat}| > 2, 
we obtain that A is a clique in G. Since (A s {wn}, A' \ N) G = 1 and since 
A e M(G), we have (wn,N' \ A) G = 1- Furthermore (wn,N \ {wn})g = 1 
because A is a clique in G. Therefore (wn,N') g = 1. Consequently A' e 
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M(G). As N' is a clique in G, there is M e M(G) such that M 2 A'. If 
M i M max (G), then \N'\ < \M\ < max(a M (G), oj m (G)). If M e M max (G), then 
A' E M\{wm} and hence ]7V| < |M| = ma,x(a m(G),ujm(G)). In both cases, we 
have \N'\ = m&x(a M (G - W),w M (G - W)) < ma,x(a M (G) ,uj m (G)) . It follows 
that max(a M (G- W),u M (G- W)) = 2 fc - 1. 

By Lemma [T] and Theorem [21 p(G - W) = k and hence there exists a prime 
fc-extension H' of G - We extend ff' to V(H') u as follows. Let A e 
M max (G). Consider the function f N : A \ {%} — ► 2 y ( ff > y ( G - w/ ) defined by 
v n- Nh'(v) \ V(G - W) for u e N \ {w^}. Since 7?' is prime, Jn is injective. 
As |A \ {wat}| = 2 k - 1 and |2^( ff ')^^(G-w)| = 2 \ there is a unique X N £ 
V(-ff') x ^(G-WO such that f N (v)*X N for every w e N\ {w N }. Let be the 
extension of H' to V(H') u VK such that N H (w N ) n (F(ff') v F(G- W)) = X;v 
for each TV € M max (G). As p(G) = k + 1, H is not prime. Consider a nontrivial 
module Mh of i7. 

Observe the following. Given A * N' e M max (G), 

TV n M H * ] 

and I =>■ .Mjj 2 V(H'). (6) 
iV' n Mh * J 

Indeed, by Proposition [Bl, M H nV(G) eM(G). Since A, A 7 e 5(G) and since 
(Jkfe n V(G)) n A * and (Mjj n 7(G)) n N' * 0, Mjj n V"(G) is comparable 
to A and AT' under inclusion. Suppose for a contradiction that Mh nV(G) £ AT 
and M^n^G) jtA 7 . It follows that A'n A * and AniV 7 * 0. As A' 6 5(G), 
A' % A or A c TV'. In the first instance, it follows from Proposition [3] that A' 
would be a nontrivial strong module of G[A] which contradicts the fact that A 
is a clique or a stable set in G. Thus A £ N' and hence A c AT'. Similarly A' c jV 
and A' £ A. Therefore A = A' and it would follow from Proposition [6] that 
A = A'. Consequently A £ (M H n V(G)) or A' c (M H n F(G)). For instance, 
assume that A c (M H n V(G)). By Proposition [111, M H n V(H') e A4(iT). 
Furthermore (M H n F(iJ')) 2 ( A \ W) and A \ W = A \ {w^} by Corollary^ 
Since -ff ' is prime, we have F(ff') £ M H - It follows that ([6]) holds. 

As H' is prime and M H n F(iJ') e M(H'), we have either |M H n V(H')\ < 1 
or M H 2 ^(J?')- For a contradiction, suppose that \M H n ^(#')l < 1. There is 
A € M max (G) such that w N e M ff . It follows from © that 

A' n M H = for each A' e M max (G) s {A}. (7) 

Thus M H n W = {w N } and there is v e V(H') such that M H n V(iJ') = {«}. 
Clearly My = {w,wtv} and we distinguish the following two cases to obtain a 
contradiction. 

• Suppose that v e V(G-W). By Proposition [TJl, {n,«iiv} e A4(G). There- 
fore there is A' e M max (G) such that A' 2 {v,w N }. By (J7J), A = A' and 
we would obtain N H (w N ) n (V(H') \ t/(G - W)) = /w(w). 

• Suppose that v eV(H')\V(G-W). There is z e {0, 1} such that (w N , N\ 
{wn})g = i- We obtain (w, A \ {uiat})^' = i because {v,wn} e M{H). 
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Since f N is injective, the function g N : N\{w N } — 2« V( - H '^ V( - G - W »^ V » , 
defined by gjv(u) = Jn(u) x {^} for it e TV \ {wat}, is injective as well. We 
would obtain 2 fe - 1 < 2 k - 1 . 

Consequently V(H') c Mh- As Mjj is a nontrivial module of if, there exists 
N 6 M max (G) such that wn { M. By interchanging G and G, assume that TV is 
a stable set in G. We have (wn, N \ {i«/v})g = and hence (wn ,V(H'))h = 0. 
In particular (w^,F(G - W0)g = 0. Given N' e M max (G) \ {N}, we obtain 
(w N ,N' \ {«;jv'})g = 0. Since AT' e M(G), (w n ,w N ')g = 0. It follows that 
Nq(wn) = 0- As at the end of the proof of Proposition [71 we conclude by 
N={ueV(G):N G (u) = 0}. ' O 

Lastly we examine the graphs G such that cxm(G) = u>m(G) = 1. For these, 
M(G) = 0. Thus either \V(G)\ < 1 or \V(G)\ > 4 and G is not prime. 

Proposition 8. For every non prime graph G such that \V(G)\ > 4 and cxm(G) = 
wm(G) = 1, we have p(G) = 1. 

Proof. Consider a minimal element N m i D of <5>> 2 (G). By Proposition [3j IT( 
G[AUn]) £ S(G). By minimality of AU„, U(G[N min ]) = ni(G[^ min ]). Thus 
G[Af m i„] and G[A r m i n ]/II(G[A r m i n ]) are isomorphic by Proposition [2Jl. If Xq( 
N m i n ) e {□,■}, then N m i D is a clique or a stable set in G and there would be 
N e M(G) such that N 2 7V min . Therefore X G (N min ) = u and iV min e P(G). 

Let a ^ V(G). For each TV e P(G), G[JV] is prime. By Lemma gj G[N] 
admits a prime 1-extension Hn to N u {a}. We consider the 1-extension H of 
G to V(G) u {a} satisfying the following. 

1. For each iVeP(G), H[Nu{a}] = H N . 

2. Let i! e 1(G). There is i e {0, 1} such that (v, N^^g = i. We require that 
(v,a) H + i. 

We proceed as in the proof of Proposition[7J to show that M> 2 (G)nM(H) = 
0. To begin, we prove that S> 2 (G) n M(H) = 0. Given M e «S> 2 (G), we have 
to verify that a *-f+n M. Let N be a minimal element under inclusion of 
{N' e S> 2 (G) : N' S M}. We obtain that U(G[N]) = IIi(G[Af]) so that G[N] 
and G[N]/Tl(G[N]) are isomorphic by Proposition H 1 . If X G (N) e {□,■}, 
then iV is a clique or a stable set in G and there would be N' e M(G) such that 
N' 2 A 7 ". Thus A G (A^) = u. We obtain that G[N] is prime, that is, N e P(G). 
Since H [N u {a}] is prime, a ""/^h A 7 and hence a *-f+ h M . 

Now we prove that M> 2 (G)nM(H) = 0. Let M e A4> 2 (G). Since <S> 2 (G)n 
M(JJ) = 0, assume that M \ £> 2 (G). Set Q = {AT e n(G[M]) : InM * 0}. We 
obtain that M =(JQ, \Q\ > 2 and A G (M) e {□,■}. If |n x (G[M])| > 2, then we 
would have {v e M : {w} e n(G[M])} e M(G) by Proposition [5] Consequently 
|IIi(G[M])| < 1 and there isle Q nU i2 (G[M]). By what precedes a X 
and hence a *-f+H M. 

Lastly, we establish that H is prime. Let Mh e M> 2 (H). As previously 
shown, ae M. We show that AT £ M ff for each AT e P(G). By Proposition [Hi, 
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M H n (N u {a}) e M(H[N u {a}]). Since H[N u {a}] is prime and a e M H n 
(Nu{a}), we obtain either (M# \ {a}) nN = or N g Mjj \ {a}. Suppose for a 
contradiction that (Mh \ {a})nJV = 0. By Proposition [TJl, M fl \ {a} e 
There is i e {0,1} such that (Mjj \ {a}, 7V)g = z by Proposition [1] 3. Therefore 
(a,N)jj = i which contradicts the fact that H[N u {a}] is prime. It follows 
that N c M H for each TV e P(G). In particular W min c M. Let v e /(G). As 
(u, A r m i n )c * (v,a)n, v e Mh- Consequently Mh = V(H). O 
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